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Abstract
Supergravity tensor calculus in five spacetime dimensions is derived by dimensional
reduction from the d = 6 superconformal tensor calculus. In particular, we obtain
an off-shell hypermultiplet in 5D from the on-shell hypermultiplet in 6D. Our tensor
calculus retains the dilatation gauge symmetry, so that it is a trivial gauge fixing to
make the Einstein term canonical in a general matter-Yang-Mills-supergravity coupled
system.
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§1. Introduction
Many physicists have recently been studying seriously the revolutionary idea that our
four-dimensional world may be a ‘3-brane’ embedded in a higher dimensional spacetime. This
idea should provide us with many new ideas and demands reconsideration of various problems
in unification theories; e.g., gauge hierarchy, 1) supersymmetry breaking, 2), 3) hidden sectors,
4) fermion mass hierarchy, 5) cosmology and astrophysics. 6)
This idea originally came from string theory, 7) which now has become recognized as not
merely the theory of strings, but the theory describing the totality of various dimensional
branes. Horˇava and Witten 8) introduced this type of idea for the first time in their investiga-
tion of the strongly-coupled heterotic string theory. They argued that the low-energy limit is
described by eleven-dimensional supergravity compactified on S1/Z2, an interval bounded by
orientifold planes, and that a ten-dimensional E8 super Yang-Mills theory appears on each
plane. Regarding one of the planes as ‘our world’ and the other as ‘hidden’, they offered an
interesting proposal for resolving the discrepancy between the GUT scale and the gravity
scale.
As a toy model for more realistic phenomenology, in which 6 of the transverse 10 dimen-
sions should be compactified, Mirabelli and Peskin 3) considered a five-dimensional super
Yang-Mills theory compactified on S1/Z2 and clarified how supersymmetry breaking occur-
ring on one boundary is communicated to another. They presented a simple algorithm for
coupling the bulk super Yang-Mills theory to the boundary fields with the help of off-shell
formulations. It is clearly important to generalize their work to more realistic models in
which the bulk is described by five-dimensional supergravity.
One (presumably, the main) obstacle to this investigation has been the lack of an off-
shell formulation of five dimensional supergravity. It is quite recent that such an off-shell
formulation was first given by Zucker. 9) In a series of two papers, he presented an almost
complete supergravity tensor calculus, including the 40+40 minimal Weyl multiplet, Yang-
Mills multiplet, linear and nonlinear multiplets, and an invariant action formula applicable
to the linear multiplet. Unfortunately and strangely, however, the most important matter
multiplet in five dimensions, called a hypermultiplet or scalar multiplet, was missing there. A
general system of five-dimensional supergravity should necessarily contain hypermultiplets.
Actually, an explicit form of the action for the general matter-Yang-Mills system coupled to
supergravity would be very important and useful for phenomenological work, as we know
from the example of the work of Cremmer et al. 10) on N = 1, d = 4 supergravity theory.
In this paper, we present a more complete tensor calculus for 5D supergravity including,
in particular, the hypermultiplet. We derive it using dimensional reduction from the known
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d = 6 superconformal tensor calculus, which was fully described in an excellent and elaborate
paper by Bergshoeff, Sezgin and Van Proeyen, 11) referred to as BSVP henceforth. The
advantages of this dimensional reduction are two fold: One is obviously that we need not
repeat the trial-and-error method to find the multiplet members and their transformation
laws. Everything is in principle straightforward, and we can use all the formulas known
in 6D. Secondly, the supergravity structure, like supersymmetry transformation laws, is
actually simpler in 6D than in 5D, because of its larger symmetry. Knowing the relations
between covariant derivatives and curvatures in the 5D and 6D theories, we can obtain
deeper understanding of the group structure of 5D supergravity. (Even in applications other
than constructing 5D tensor calculus, such knowledge may become useful.) Moreover, we
can inherit the advantage of superconformal symmetry of the original 6D theory. Indeed,
we retain the dilatation gauge symmetry also in our 5D tensor calculus, and this makes it
so that a trivial gauge-fixing renders the Einstein-Rarita-Schwinger term canonical. 12)
The rest of this paper is organized as follows. In §2, we explain in some detail the
dimensional reduction procedure to obtain our 5D supergravity tensor calculus from the 6D
superconformal one of BSVP. We also present there some general discussion on the covariant
derivatives and curvatures, which applies both to supergravity and superconformal theories
and turns out to be very useful. Based on this, the transformation law is derived for the
40+40 minimal Weyl multiplet in 5D. Then the transformation laws of Yang-Mills, linear
and nonlinear multiplets can be found straightforwardly, as given in §3. However, we need
a method to obtain an off-shell hypermultiplet in 5D from the 6D one which exists only as
an on-shell multiplet. As explained in §4, we make it off-shell in our reduction procedure
using a method similar to that known in d = 4 case. 13) The invariant action formulas for
the kinetic terms as well as mass terms for such off-shell hypermultiplets are also derived
there. Other invariant action formulas and some embedding formulas are given in §5. The
final section is devoted to summary and discussion.
We here note that we adopt the metric ηab = diag(+,−,−, · · · ,−), which is different
from that of BSVP, but we think it is more familiar to phenomenologists. Our notation and
conventions are given in Appendix A, where some useful formulas are also given. The results
of the 6D superconformal tensor calculus of BSVP that we need in this paper are briefly
summarized in Appendix B.
§2. Dimensional reduction and 5D Weyl multiplet
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2.1. Dimensional reduction and gauge-fixing
Our starting point is the superconformal tensor calculus in d = 6 dimensions given by
BSVP 11) and summarized in Appendix B. The superconformal group in six dimensions is
OSp(6, 2|1) ≃ OSp(4|1;H) which has the generators
Pa, Mab, Uij, D, Ka, Qαi, Sαi, (2.1)
where a, b, · · · are tangent vector indices, α is a spinor index, and i, j, · · · = 1, 2 are SU(2)
indices. Pa and Mab represent the usual Poincare´ generators, Uij represents the SU(2)
generators, D is the dilatation, Ka represents the special conformal boosts. Qαi represents
the supersymmetry and Sαi represents the conformal supersymmetry, both of which are
SU(2)-Majorana-Weyl spinors. The gauge fields corresponding to these generators are
e aµ, ω µ
ab, V ijµ , b µ, f
a
µ
, ψ i
µ
, φ i
µ
, (2.2)
respectively, where the spinor indices of the gauge fields ψ i
µ
and φ i
µ
are suppressed.
The local superconformal algebra in d = 6 can only be realized by adding a suitable
‘matter’ multiplet to these gauge fields, and the M , K and S gauge fields, ω µ
ab, f a
µ
, φ i
µ
,
become dependent fields through a set of constraints, (B.1), imposed on the curvatures.
Then, the algebra is realized on the set of 40 Bose plus 40 Fermi fields
e aµ, V
ij
µ , b µ, ψ
i
µ
, T−abc, χ
i, D, (2.3)
called minimal Weyl multiplet, where the last three fields, an anti-self-dual tensor T−abc, an
SU(2)-Majorana-Weyl spinor χi, and a real scalar D, are the added ‘matter multiplet’.
We generally add underlines to the quantities in 6 dimensions when necessary to distin-
guish them from those in 5 dimensions. In particular, the Lorentz index is a = (a, 5), and
the world vector index is µ = (µ, z); we use z to denote both the fifth spatial direction and
the coordinate itself, xµ = (xµ, xz = z), since we must distinguish the curved index fifth
spatial component vz ≡ vµ=5 from the flat index one v5 ≡ va=5.
We now perform a ‘trivial’ dimensional reduction from 6 to 5 dimensions, by simply
letting all the fields and local transformation parameters be independent of the fifth spatial
coordinate z. As in the usual procedure, 14) we fix the off-diagonal local Lorentz Ma5 gauge
by setting e az = 0, and then the sechsbein e
a
µ and its inverse take the forms
e aµ =
(
e aµ e
5
µ = α
−1Aµ
e az = 0 e
5
z = α
−1
)
, e
µ
a =
(
eµa e
z
a = −e
µ
aAµ
eµ5 = 0 e
z
5 = α
)
. (2.4)
As is well-known since the work of Kaluza and Klein, the field Aµ appearing in the off-
diagonal element e 5µ becomes a U(1) gauge field which we call a ‘gravi-photon’. Under the
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general coordinate (GC) transformation δGC(ξ
ν) in 6D with the transformation parameter
ξµ = (ξµ, ξz) taken to be z-independent, any field with a world vector index (e.g., gauge
fields) hµ = (h µ, h z) transforms as
δGC(ξ
ν)h µ = ∂µξ
ν · h ν + ξ
ν∂νh µ = δGC(ξ
ν)h µ + ∂µξ
z · h z , (2.5)
δGC(ξ
ν)h z = ξ
ν∂νh z = δGC(ξ
ν)h z , (2.6)
where δGC(ξ
ν) is the GC transformation in 5D. For the gravi-photon Aµ = e
5
µe
z
5 , in particular,
we have
δGC(ξ
ν)Aµ = δGC(ξ
ν)Aµ + ∂µξ
z, (2.7)
showing that Aµ actually transforms as the U(1) gauge field for the transformation parameter
ξz. The discrepancy between the 6D and 5D GC transformations on the other vector fields
h µ [the second term ∂µξ
z · h z in Eq. (2.5)] can thus be eliminated by redefining the field as
hµ ≡ h µ −Aµh z, (2.8)
which we, therefore, identify with the vector (or gauge) field in 5D. But we note that this
identification rule can be rephrased into a simpler rule: 14) Any field with flat (local Lorentz)
indices alone is the same in 6D and 5D. Indeed, if converted into flat indices, we have
h a = e
µ
ah µ+e
z
µh z = e
µ
a(h µ−Aµh z) = e
µ
ahµ = ha. We hence adopt this rule throughout in our
dimensional reduction. Thus we can omit the underlines for the fields with flat indices alone.
The z-component h z is just a scalar in 5D and may be denoted hz without an underline.
For the fields with upper curved vector indices, we have h µ = hµ, h z = αh5 −Aah
a.
Now, the 6D GC transformation δGC(ξ
ν), which appears in the supersymmetry trans-
formation commutator [δ Q(ε1), δ Q(ε2)] with ξ
ν = 2iε¯1γ
νε2, reduces to the 5D one, δGC(ξ
ν),
plus the U(1) gauge transformation δZ(ξ
z), which acts only on the gravi-photon field Aµ
among the gauge fields as
δZ(θ)Aµ = ∂µθ. (2.9)
Below, we identify this transformation δZ(θ) with the central charge transformation act-
ing on the hypermultiplet fields, which is originally the fifth spatial derivative ∂z in their
supersymmetry transformation law in 6D.
The spinor fields in 6D superconformal theory are all SU(2)-Majorana-Weyl spinors ψi±
satisfying simultaneously the SU(2)-Majorana condition
ψ¯i± ≡ (ψ±i)
†γ0 = (ψi±)
TC , (2.10)
and the Weyl condition (of positive or negative chirality)
γ
7
ψi± = ±ψ
i
±, (2.11)
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where γa and C are 8 × 8 Dirac gamma and charge conjugation matrices in 6D, and γ
7
≡
−γ0γ1 · · · γ5. To make contact with the 4-component spinors in 5D, we can use the following
representation of the 6D gamma matrices γa given in terms of the 5D 4×4 ones γa satisfying
γ0γ1γ2γ3γ4 = 1: 

γa = γa ⊗ σ1 for a = 0, 1, 2, 3, 4 ,
γ5 = 14 ⊗ iσ2 ,
γ
7
= −γ0γ1 · · · γ5 = 14 ⊗ σ3 .
(2.12)
The charge conjugation matrix C in 6D is given by the 5D one C as
C = C ⊗ iσ2 . (2.13)
Then the SU(2)-Majorana-Weyl spinors ψi± in 6D reduce to the forms
ψi+ =
(
ψi
0
)
, ψi− =
(
0
iψi
)
, (2.14)
and both ψi are now the 4-component SU(2)-Majorana spinors in 5D satisfying
ψ¯i ≡ (ψi)
†γ0 = (ψi)TC . (2.15)
Thus the spinors appearing in 5D are all of the SU(2)-Majorana type, and we generally use
the same symbols to denote the spinors in 5D as those used by BSVP, although they are
actually related by Eq. (2.14).
In reducing to 5 dimensions by setting e az = 0, it turns out to be simpler to also fix the
conformal S and K gauge symmetries by using the following gauge-fixing conditions:
Ma5 : e
a
z = 0, S
i : ψi5 = 0,
Ka : bµ − α
−1∂µα = 0, K5 : b5 = 0. (2.16)
The S gauge is chosen to satisfy ψi5 = 0 (implying also ψz = e
5
z ψ5 = 0), so as to make the
condition e az = 0 invariant under the supersymmetry transformation, δ Q(ε)e
a
z = −2iε¯γ
aψz .
Note that this gauge also implies the Q-invariance of the ‘dilaton’ field α ≡ (e 5z )
−1 = e z5 .
Moreover, the Ka gauge bµ = α
−1∂µα is chosen so as to make α also covariantly constant
Dˆµα = ∂µα − bµα = 0 in the reduced 5D theory, as we see below. Thanks to these two
properties, the field α carrying Weyl weight w = 1 can be treated as if it were a constant
and is freely used to adjust the Weyl weights of any quantities to arbitrary desired values.
We, however, keep the dilatation gauge symmetry unfixed, since it becomes useful later when
we change the Einstein-Hilbert and Rarita-Schwinger terms in the action into canonical form.
We here note that the extraneous components ω µ
a5 and ω 5
ab of the spin connection ω µ
ab
given by Eq. (B.2) now take the following simple form under these gauge-fixing conditions:
eaµωµ
b5 = ω5
ab = − 12α Fˆ
ab(A), ω5
a5 = 0. (2.17)
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Table I. Weyl multiplet in 5D.
field type restrictions SU(2) Weyl-weight
eµ
a boson fu¨nfbein 1 −1
ψiµ fermion SU(2)-Majorana 2 −
1
2
V ijµ boson V
ij
µ = V
ji
µ = −V
∗
µij 3 0
Aµ boson gravi-photon Aµ = e
z
5e
5
µ 1 0
α boson ‘dilaton’ α = ez5 1 1
tij boson tij = tji = −t∗ij (= −V
ij
5 ) 3 1
vab boson vab = −T
−
ab5 +
1
4α Fˆab(A) 1 1
χ˜i fermion SU(2)-Majorana 2 32
C boson real 1 2
dependent gauge fields
bµ boson D gauge field bµ = α
−1∂µα 1 0
ωµ
ab boson spin connection 1 0
Here Fˆµν(A) is the supercovariantized field strength of the gravi-photon:
Fˆµν(A) = Fµν(A)− 2iαψ¯µψν , Fµν(A) = 2∂[µAν]. (2.18)
Here a summary of the 5D field contents and their notation may be in order. The fields
we are now treating all come from the 40+40 Weyl multiplet (2.3) in 6D, and we also call
them a 5D Weyl multiplet. Since ψ5 and bµ are eliminated by the above gauge fixing, the
remaining fields are now
e aµ →


eaµ
Aµ
α
, V ijµ →
{
V ijµ
tij ≡ −V ij5
, ψ i
µ
→ ψiµ,
T−abc → vab ≡ −T
−
ab5 +
1
4α
Fˆab(A), χ
i → χi, D → D. (2.19)
The quantities on the right-hand sides of the arrows here, eaµ, Aµ, α, V
ij
µ , t
ij , ψiµ, vab, χi
and D, denote our 5D fields. The fields tij and vab are defined to be particular combinations
of the fields in order to simplify the expressions of the supersymmetry transformation in 5D.
In the same sense, it turns out to be convenient to use the following spinor field χ˜i and scalar
field C in place of χi and D, respectively:
χ˜i ≡ 115(χ
i + 34γ
abRˆab
i(Q)) = 112χ
i + 2φi5 ,
C ≡ 115
(
D − 34Rˆ(M) + 15v ·v −
9
8α2 Fˆ (A)·Fˆ (A)− 30t
i
jt
j
i
)
. (2.20)
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Here Rˆab
i(Q) and Rˆ(M) are the curvatures in 5D theory discussed in detail below, and φ5
is the fifth spatial component of the 6D S-gauge field φa. The members of the 5D Weyl
multiplet are listed in Table I.
The supersymmetry transformation in 5D is found as follows. The S and Ka gauge-
fixing conditions in (2.16) are not invariant under the originalQ transformation δ Q(ε) in 6D.
The deviations of δ Q(ε)ψ
i
5 and δ Q(ε)(bµ − α
−1∂µα) from zero of course can be transformed
back to zero by suitable S and Ka gauge transformations. Thus the following combined
transformation of Q, S and K is found to leave these conditions intact, and can be defined
to give the supersymmetry transformation δQ(ε) in 5D:
δQ(ε) = δ Q(ε) + δS(η(ε)) + δK(ξ
a
K(ε)) ,
with η(ε)i = − 116αγ ·Fˆ (A)ε
i − 14γ ·vε
i − tijε
j ,
ξaK(ε) = −iε¯(φ
a − η(ψa) + 124γ
aχ) ,
ξ5K(ε) = iε¯(φ5 +
1
24χ) =
1
2iε¯χ˜ . (2
.21)
Here, γ ·T for any tensor Ta1···an generally denotes the contraction γ
a1···anTa1···an . Note that
the spinors in these expressions and the following already stand for the 5D 4-component
spinors defined on the right-hand side of Eq. (2.14).
Now it is straightforward to obtain the supersymmetry transformation laws of the Weyl
multiplet in 5D from the superconformal transformation laws (B.3) in 6D by using Eq. (2.21).
Before doing this, however, it is better to define the covariant derivatives and to derive
the relations between curvatures in 6D and 5D, since they appear in the supersymmetry
transformation laws.
2.2. Covariant derivative and curvatures
We now give somewhat general discussion on the curvatures in supergravity. (Also see the
discussion in Refs. 15) and 16).) Let {XA¯} denote a set of local transformation operators
acting on the fields φ, εA¯XA¯φ = δA¯(ε)φ, and satisfy the graded algebra
[XA¯, XB¯} = fA¯B¯
C¯XC¯ . (2.22)
fA¯B¯
C¯ here in general depends on the fields and we call it “structure function”. In the
(Poincare´ or conformal) supergravity theory, the set {XA¯} contains the ‘translation’ Pa,
which plays a special role. The transformation operators other than Pa are denoted XA
with no bar over the index A. Let us now introduce two kinds of covariant derivatives,
excluding and including Pa covariantization:
Dˆµφ ≡ ∂µφ− h
A
µXAφ, ∇µφ ≡ ∂µφ− h
A¯
µXA¯φ = Dˆµφ− e
a
µPaφ. (2.23)
8
Here, hA¯µ are gauge fields, and sums over the repeated indices A and A¯ are implied. The
operator ∇µ is the ‘usual’ covariant derivative, fully covariant with respect to all the gauge
transformations, while Dˆµ is the covariant derivative adopted in supergravity. Then, as in
Yang-Mills theory, imposing the covariance of the ‘usual’ one∇µ [i.e. XA¯(∇µφ) = ∇µ(XA¯φ)]
determines the transformation law of the gauge fields as
εA¯XA¯h
A¯
µ ≡ δ(ε)h
A¯
µ = ∂µε
A¯ + εC¯hB¯µ fB¯C¯
A¯, (2.24)
and the commutator of ∇µ defines the curvature tensors Rµν
A¯ in the form
[∇µ, ∇ν ] = −Rµν
A¯XA¯ → Rµν
A¯ ≡ 2∂[µh
A¯
ν] − h
C¯
µh
B¯
ν fB¯C¯
A¯. (2.25)
Now, the particular feature of supergravity is the stipulation that the ‘usual’ covariant
derivative ∇µ vanish on any matter field φ carrying flat indices alone:
∇µφ = 0 → Dˆµφ = e
a
µPaφ. (2.26)
In supergravity, thus, the only meaningful covariant derivative is Dˆµ, whose flat index version,
Dˆa = e
µ
a Dˆµ, gives meaning to the ‘translation’ transformation Pa. This stipulation embodied
by (2.26) can be imposed if and only if
[∇µ, ∇ν ] = 0 → Rµν
A¯ = 0 (2.27)
is satisfied. The curvature in supergravity, Rˆab
A¯, is defined via the flat Dˆa by
[Dˆa, Dˆb] = −Rˆab
A¯XA¯ ≡ −Rˆab. (2.28)
Without carrying out cumbersome computations going back to the original definition of Dˆa,
we can immediately find the following simple expression for this curvature,
Rˆµν
A¯ = e bµe
a
ν fab
A¯ = 2∂[µh
A¯
ν] − h
C¯
µ h
B¯
ν f
′
B¯C¯
A¯, (2.29)
where the prime on the structure function indicates that the [Pa, Pb] commutator parts fab
A¯
are excluded from the sum. The first equality follows from the relation Dˆa = Pa, holding on
any flat-indexed fields φ, and
− Rˆab
A¯ = [Dˆa, Dˆb]
A¯ = [Pa,Pb]
A¯ = fab
A¯, (2.30)
and the second equality follows from Rµν
A¯ = 0 and Eq. (2.25). Conversely, if Rˆµν
A¯ is defined
by Eq. (2.29), then Eq. (2.28) follows, of course, and it can be used as a convenient formula.
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Another convenient formula also follows immediately from [XA, Dˆa] = [XA,Pa] = fAa
B¯XB¯
for the transformation δ(ε) ≡ εAXA not including Pa:
δ(ε)Dˆaφ = ε
ADˆa(XAφ) + ε
AfAa
B¯XB¯φ. (2.31)
Using the Jacobi identity [X, [Dˆa, Dˆb] ] + (permutations) = 0 and the additional infor-
mation that fab
c = −Rˆab
c(P ) = 0 and faB
c = const, holding generally in supergravity, we
can obtain the following Bianchi identities: For X = Pc, we have
Dˆ[aRˆbc]
A = −Rˆ[ab
Bfc]B
A, (2.32)
Rˆ[ab
Afc]A
d = 0, (2.33)
and for X = XA and δ(ε) ≡ ε
AXA, we obtain
δ(ε)Rˆab
A = 2εBDˆ[afb]B
A + 2εBfB[a
C¯fb]C¯
A − Rˆab
CεBfBC
A,
Rˆab
BεAfAB
c = 2εAfA[a
B¯fb]B¯
c. (2.34)
Finally in this general discussion, we add a remark on the meaning of the P transformation
δP (ξ) = ξ
aPa on the gauge fields h
A¯
µ . The GC transformation of h
A¯
µ given in Eq. (2.5) can
be rewritten by using Rµν
A¯ in the form
δGC(ξ
ν)hA¯µ = ξ
νhB¯ν XB¯h
A¯
µ + ξ
νRµν
A¯. (2.35)
Using Rµν
A¯ = 0 and extracting the Pa term from XB¯, we find
δP (ξ)h
A¯
µ =
[
δGC(ξ
ν = eνaξ
a)− ξahBa XB
]
hA¯µ . (2.36)
Comparing this with δP (ξ)φ = ξ
aDˆaφ = (ξ
µ∂µ−ξ
ahBa XB)φ for the flat quantity φ, the simple
derivative term ξµ∂µ is replaced by the GC transformation δGC(ξ
µ) here. Thus the replace-
ment ξµ∂µ → δGC(ξ
µ) should be generally understood in ξaDˆa if acting on quantities with
curved indices. This is a general rule, because the vielbein eaµ obeys it, and the conversion
of flat indices into curved ones is performed using the vielbein.
The discussion up to this point is general and applies, in particular, both to the present 6D
superconformal theory and 5D supergravity, which we obtain from it. Again, to distinguish
them, we write the covariant derivative and the curvatures in 6D with underlines as Dˆ a and
Rˆ ab
A, while those in 5D as Dˆa and Rˆab
A.
To find relations between Rˆ ab
A and Rˆab
A by using the formula (2.28), we first need the
relation between the covariant derivatives Dˆ a and Dˆa. Note that, in the 5D reduced theory,
the transformations {XA¯} are only
Pa, Mab, Uij, D, Qαi, Z; (2.37)
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that is, Ma5, Sαi and Ka have disappeared in reducing from the 6D superconformal theory,
whose generators are given in Eq. (2.1). Using the definition (2.23) of the covariant derivative
and noting also the relation (2.21) of the Q transformations in 5D and 6D, we find
Dˆa = Dˆa − δMb5(ωa
b5)− δS(φ
i
a − η(ψa)
i)− δKb(fa
b − ξ
b
K(ψa)) ,
Dˆ5 = δZ(α)− δM(ω5
ab) + δU(t
ij)− δS(φ
i
5)− δKa(f5
a)− δG(W5) . (2.38)
Note here that the fifth spatial derivative ∂z in Dˆ b has been identified with the central
charge transformation Z, so that Dˆ5 contains e
z
5∂z → αZ = δZ(α) and Dˆa also contains
eµa∂µ+e
z
a∂z = ∂a−AaZ. The identification ∂z = Z holds exactly on the hypermultiplet, which
we discuss below, and, moreover, it is also consistent with the previous central charge term
δZ(ξ
z)Aµ = ∂µξ
z, which appeared as a part of 6D GC transformation of the gravi-photon Aµ
in Eq. (2.7). Actually, as remarked above, the derivative term ξz∂z in the covariant derivative
ξzDˆ z should be understood as the GC transformation δ GC(ξ
z) on the gauge fields and, on
Aµ, it indeed yields δ GC(ξ
z)Aµ = ∂µξ
z. This explains the reason that the gravi-photon is
identified with the gauge field corresponding to the central charge of the hypermultiplet.
Note also that if Yang-Mills fields W µ with gauge group G are coupled to the system we
should also include G-covariantization in Dˆa, so that Dˆa contains −δG(Wa) implicitly and
Dˆ5 contains −δG(W5) as written explicitly in the last term.
Using the relations in (2.38) and the formula (2.28) we obtain equations of the form
Rˆab = [Dˆb, Dˆa] = [Dˆ b + · · · , Dˆ a + · · ·] = Rˆ ab + · · · ,
0 = [Dˆa, δZ(α)] = [Dˆ a + · · · , Dˆ 5 + · · ·] = Rˆ 5a + · · · . (2.39)
The commutativity of the central charge with Dˆa in the second equation implies the UZ(1)-
covariance of the latter and should hold as a result of the identification ∂z = Z on the
hypermultiplet. (Confirming this directly on the gauge fields is also straightforward.) We
can obtain various relations from these equations (2.39) by comparing the coefficients of each
generator XA on both sides. For example, the terms proportional to the central charge Z
in the first equation yield
Fˆab(A) = −2αω[ab]
5, (2.40)
where Rˆµν(Z) here is denoted by the more common notation Fˆµν(A). The terms proportional
to Pa and Z in the second equation give, respectively,
ωa5
b = ω5a
b, ω5
a5 = 0. (2.41)
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Similarly the following relations can be found:
Rˆ5a
i(Q) = 116αγ ·Fˆ (A)ψ
i
a + t
i
jψ
j
a +
1
4γ ·vψ
i
a + φ
i
a + γaφ
i
5
= {φia − η
i(ψa)}+ γaφ
i
5 ,
Rˆab
i(Q) = Rˆab
i(Q)− 2γ[a{φb] − η
i(ψb])} ,
Rˆab
cd(M) = Rˆab
cd(M)− 12α2 Fˆab(A)Fˆ
cd(A)− 12α2 Fˆ[a
[c(A)Fˆb]
d](A)
+ 8{f[a
[c − ξ
[c
K(ψ[a)}eb]
d] ,
Rˆ5a
5b(M) = 1
4α2
Fˆac(A)Fˆ
bc(A) + 2{fa
b − ξaK(ψb)}+ 2f5
5ea
b ,
Rˆ5a
ij(U) = Dˆat
ij ,
Rˆab
ij(U) = Rˆab
ij(U)− 1
α
Fˆab(A)t
ij . (2.42)
Putting these into the constraints (B.1) on the 6D curvatures Rˆ µν
ab(M) and Rˆ
i
µν(Q), we
obtain
φiµ − η
i(ψµ) =
1
16(γ
abγµ −
3
5γµγ
ab)Rˆab
i(Q)− 1120γµχ
i ,
φi5 =
1
40
γabRˆab
i(Q)− 1
120
χi ,
fa
a − ξaK(ψa) + f5
5 = 120Rˆ(M) +
1
80α2 Fˆ (A)
2 − 140D , (2
.43)
Rˆab(M) ≡ Rˆac
c
b(M) , Rˆ(M) ≡ Rˆa
a(M) . (2.44)
2.3. Supersymmetry transformation law of the Weyl multiplet
The commutation relation for the 5D supersymmetry transformation δQ(ε) given in
Eq. (2.21) is now easily found from the superconformal algebra (B.6) in 6D with the help of
the relations (2.38) of covariant derivatives:
[δQ(ε1), δQ(ε2)] = ξ
aDˆa + δZ(αξ
5) + δM(
1
α
ξ5Fˆ (A)ab + ξabcdv
cd + 2ξijabtij)
+ δU(−3ξ
5tij − 1
2α
ξijabFˆ (A)
ab − 2ξijabv
ab), (2.45)
where
ξa ≡ 2iε¯1γ
aε2, ξ
5 ≡ −2iε¯1ε2, ξabcd ≡ 2iε¯1γabcdε2, ξ
ij
ab ≡ 2iε¯
(i
1 γabε
j)
2 . (2.46)
If we use the relations (2.38) and (2.42), it is now straightforward (although tedious) to
obtain, from (B.3) and (B.5), the following supersymmetry transformation law for our Weyl
multiplet in 5D. With δ = δQ(ε),
δeµ
a = −2iε¯γaψµ,
12
δψiµ = Dµε
i + 12γµabε
ivab + 12αγ
aεiFˆ (A)µa + γµε
jtij ,
δα = 0, (Dµε
i ≡ ∂µε
i + 12bµε
i − 14ω
ab
µ γabε
i − V iµ jε
j)
δAµ = 2iαε¯ψµ,
δV ijµ = −4iε¯
(iγµχ˜
j) − 2iε¯(iγaRˆaµ
j)(Q)
+ i
α
ε¯(iγ ·Fˆ (A)ψj)µ + 4iε¯
(iγ ·vψj)µ − 6iε¯ψµt
ij ,
δtij = 4iε¯(iχ˜j),
δvab =
i
4 ε¯γabcdRˆ
cd(Q)− 2iε¯γabχ˜,
δχ˜i = −12γ
aεiDˆbvab +
1
2 /ˆDt
i
jε
j − γ ·vtijε
j − 14αγ ·Fˆ (A)t
i
jε
j
+ 1
2
Cεi − 1
32α2
γabcdεiFˆab(A)Fˆcd(A),
δC = −2iε¯ /ˆDχ˜+ 22iε¯iχ˜jtij − 3iε¯γ ·vχ˜− iε¯
iγabRˆab
j(Q)tij ,
δωµ
ab = −2iε¯γ[aRˆµ
b](Q)− iε¯γµRˆ
ab(Q)
+ 2i
α
ε¯ψµFˆ
ab(A)− 2iε¯γabcdψµvcd − 4iε¯
iγabψjµtij . (2.47)
Here χ˜i and C are the redefined fields from χi and D in Eq. (2.20), and we have also written
the transformation law of the spin connection, although it is a dependent field given by (from
Eq. (B.2))
ω abµ = ω
0 ab
µ + i(2ψ¯µγ
[aψb] + ψ¯aγµψ
b)− 2e [aµ α
−1∂b]α. (2.48)
The [δQ, δQ] commutation relation (2.45) can also be read directly from the structure func-
tions appearing in Eq. (2.47): comparing Eqs. (2.22) and (2.24), we see that, for instance, the
last three terms in δωµ
ab and δV ijµ just give the δM and δU terms in Eq. (2.45), respectively.
When deriving these transformation laws (2.47), we need the following transformation
laws of curvature tensors, which follow from the formula (2.34):
δFˆab(A) = 2iαε¯Rˆab(Q),
δRˆ(M) = 4iε¯DˆaγbRˆab(Q) + 4iε¯γ
abcdRˆab(Q)vcd + 4iε¯γ
abRˆbc(Q)v
c
a
+ 2i
α
ε¯γabRˆbc(Q)Fˆ
c
a(A)−
4i
α
ε¯Rˆab(Q)Fˆ
ab(A) + 8iε¯iγ ·Rˆj(Q)tij ,
δ γ ·Rˆi(Q) = 2(Dˆaγ ·v)γ
aεi − 10γaεiDˆbvab −
1
α
γaεiDˆbFˆab(A) + 8 /ˆDt
i
jε
j
+ γabcdεi
(
2vabvcd −
1
α
vabFˆcd(A)−
1
2α2
Fˆab(A)Fˆcd(A)
)
+ 4
α
γabεiFˆac(A)vb
c − 12γ ·vtijε
j − 6
α
γ ·Fˆ (A)tijε
j − γ ·Rˆij(U)ε
j
−
(
1
2
Rˆ(M)− 6v ·v + 1
2α2
Fˆ (A)·Fˆ (A) + 20tjkt
k
j
)
εi. (2.49)
We also need the Bianchi identities following from Eq. (2.32):
Dˆ[aRˆ
i
bc](Q) = −
1
2
γde[aRˆ
i
bc](Q)v
de − 1
2α
γdRˆ i[ab(Q)Fˆc]d(A)− γ[aRˆ
j
bc](Q)t
i
j ,
Dˆ[aFˆbc](A) = 0. (2.50)
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We will not need explicit expressions for our 5D curvatures in this paper, but we list
them for the reader’s convenience:
Fˆµν(A) = 2∂[µAν] − 2iαψ¯µψν ,
Rˆµν
i(Q) = 2D[µψ
i
ν] + γab[µψ
i
ν]v
ab − 1
α
γaψi[µFˆν]a(A) + 2γ[µψ
j
ν]t
i
j ,
Rˆµν
ab(M) = 2∂[µων]
ab − 2ω[µ
[acων]c
b] + 4iψ¯[µγ
[aRˆν]
b](Q) + 2iψ¯[µγν]Rˆ
ab(Q)
− 2i
α
ψ¯µψνFˆ
ab(A) + 2iψ¯µγ
abcdψνvcd + 4iψ¯
i
µγ
abψjνtij ,
Rˆµν
ij(U) = 2∂[µVν]
ij + 2V[µ
k(iVν]
j)
k + 8iψ¯
(i
[µγν]χ˜
j) + 4iψ¯
(i
[µγ
aRˆaν]
j)(Q)
− i
α
ψ¯(iµ γ ·Fˆ (A)ψ
j)
ν − 4iψ¯
(i
µ γ ·vψ
j)
ν + 6iψ¯µψνt
ij . (2.51)
In the following, a quantity C appears. This is related to C (or D) and the scalar curvature
Rˆ(M) as
C ≡ 1
6
D + 4(fa
a − ξaK(ψa) + f5
5)
= C + 14Rˆ(M) +
1
8α2 Fˆ (A)
2 − v ·v + 2tijt
j
i . (2.52)
§3. Transformation laws of matter multiplets in 5D
Now it is straightforward to derive the supersymmetry transformation rules for the matter
multiplets in 5 dimensions from the superconformal rules in 6D given by BSVP, which are
summarized in Appendix B. We can simply apply the formulas (2.21) and (2.38) for our
supersymmetry transformation δQ(ε) and covariant derivative Dˆµ.
In the following we omit explicit expressions for the covariant derivatives Dˆµφ on various
fields φ for conciseness. In our 5D calculus we have
Dˆµφ = Dµφ− δQ(ψµ)φ,
Dµφ =
(
∂µ − δM(ω
ab
µ )− δU(V
ij
µ )− δD(α
−1∂µα)− δZ(Aµ)− δG(Wµ)
)
φ, (3.1)
where Dµ is covariant only with respect to homogeneous transformations Mab, Uij, D, Z
and G (Yang-Mills gauge transformation). The transformation rules under such homoge-
neous transformations are obvious, and are the same as those given in (B.4) for the 6D case.
The supersymmetry transformation rules are explicitly given below for all the fields, so that
the covariant derivatives Dˆµφ will be clear.
3.1. Vector multiplet
The vector multiplet in 5D derived from the 6D one consists of the fields given in Table II,
where the real scalarM comes from the fifth spatial component of a 6D vector, M ≡ −W5 =
14
Table II. Matter multiplets in 5D.
field type restrictions SU(2) Weyl-weight
Vector multiplet
Wµ boson real gauge field 1 0
M boson real, M = −W5 1 1
Ωi fermion SU(2)-Majorana 2 32
Yij boson Y
ij = Y ji = −Y ∗ij 3 2
Linear multiplet
Lij boson Lij = Lji = −(Lij)
∗
3 3
ϕi fermion SU(2)-Majorana 2 72
Ea boson real, constrained by (3.6) 1 4
N boson real, N = −E5 1 4
Nonlinear multiplet
Φiα boson (Φ
α
i )
∗ = −Φiα 2 0
λi fermion SU(2)-Majorana 2 12
Va boson real 1 1
V5 boson real 1 1
Hypermultiplet
Aαi boson A
i
α = ǫ
ijAβj ρβα = −(A
α
i )
∗
2
3
2
ζα fermion ζ¯α ≡ (ζα)
†γ0 = ζ
αTC 1 2
Fαi boson F
i
α = −(F
α
i )
∗
2
5
2
−αWz. Note that it carries a Weyl weight w = 1, since w(α) = 1 and w(Wµ) = 0. As in
6D, all the component fields are Lie-algebra valued, e.g., M is a matrix Mαβ = M
A(tA)
α
β,
where the tA are (anti-hermitian) generators of the gauge group G. The Q transformation
rules are found from (B.7) to be
δWµ = −2iε¯γµΩ + 2iε¯ψµM ,
δM = 2iε¯Ω ,
δΩi = −14γ ·Gˆ(W )ε
i − 12γ
aεiDˆaM − Y
ijεj ,
δY ij = 2iε¯(i /ˆDΩj) − iε¯(iγ ·vΩj) + 2iε¯(itj)kΩ
k + 4iε¯Ωtij − 2igε¯(i[M,Ωj)] , (3.2)
where g is a gauge coupling constant and Gˆab(W ) is the following combination of the super-
covariant field strength Fˆab(W ) of Wµ and that of the gravi-photon Aµ:
Gˆab(W ) ≡ Fˆab(W )−
1
α
MFˆab(A), (3.3)
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which is actually the field strength Fˆ ab(W ) in 6D. The gauge group G can be regarded
as a sub-group of the super group, and the above transformation law of the gauge field
Wµ provides us with the additional structure functions, fPQ
G and fQQ
G. For example, the
transformation law of this mixed field strength can be obtained easily from (2.34):
δGˆab(W ) = 4iε¯γ[aDˆb]Ω − 2iε¯γabcdΩv
cd − 4iε¯γc[aΩvb]
c
− 2i
α
ε¯γc[aΩFˆb]
c(A)− 4iε¯iγabΩ
jtij . (3.4)
3.2. Linear multiplet
The linear multiplet consists of the components listed in Table II and may generally carry
a non-Abelian charge of the gauge group G. A point which should be noted in the reduction
in this case is that, for later convenience in constructing actions, we have lowered the Weyl
weight of this multiplet in 5D by one from that in 6D by multiplying each component field
by α−1.
The Q transformation rules following from (B.8) read
δLij = 2iε¯(iϕj) ,
δϕi = − /ˆDLijεj − 4t
l
kL
k
lε
i − 6t(ikL
j)kεj + gML
ijεj
+ 12γ
aεiEa +
1
2ε
iN + 12αγ ·Fˆ (A)εjL
ij + 2γ ·vεjL
ij ,
δEa = 2iε¯γabDˆ
bϕ− i
α
ε¯γabcϕFˆ
bc(A) + i
α
ε¯γbϕFˆab(A)− 2iε¯γabcϕv
bc + 6iε¯γbϕvab
− 8iε¯iγaϕ
jtij + 2iε¯
iγabcRˆ
bcj(Q)Lij + 2igε¯γaMϕ− 4igε¯
iγaΩ
jLij ,
δN = −2iε¯ /ˆDϕ− 3iε¯γ ·vϕ− 2iε¯iγ ·Rˆj(Q)Lij − 10iε¯
iϕjtij + 4igε¯
iΩjLij . (3.5)
This multiplet apparently contains nine Bose and eight Fermi fields. Thus closure of the
algebra requires the following Q-invariant constraint, which also follows directly from that
in 6D, (B.9):
DˆaEa + iϕ¯ γ ·Rˆ(Q) + gMN + 4igΩ¯ϕ+ 2gY
ijLij = 0. (3.6)
When the linear multiplet carries no gauge-group charges (i.e., g = 0 in the above
transformation law), the constraint (3.6) can be solved with respect to Ea. Indeed, the
constraint can be rewritten in the form e−1∂λ(eV
λ) = 0 with
V λ ≡ eλaE
a + 2iψ¯ργ
λρϕ+ 2iψ¯iµγ
λµνψjνLij . (3.7)
Hence there exists an antisymmetric tensor gauge field Eµν , which is a tensor-density and
possesses an additional gauge symmetry δEµν = ∂ρ(Λ
µνρ):
eV λ = −∂ρE
λρ → Ea = −e−1eaµDˆνE
µν , (3.8)
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where DˆνE
µν is defined by
DˆνE
µν = ∂νE
µν + 2ieψ¯νγ
µνϕ + 2ieψ¯iνγ
µνρψjρLij . (3.9)
Because of the covariance of Ea, the Q transformation law of Eµν must take the following
form, which is also in accordance with a direct calculation:
δEµν = −2ieε¯γµνϕ− 4ieε¯iγµνρψjρLij . (3.10)
3.3. Nonlinear multiplet
The nonlinear multiplet is a multiplet whose component fields are transformed nonlin-
early. The component fields are also shown in Table II. The first component, Φiα, carries
an additional gauge-group SU(2) index α (= 1, 2), as well as the superconformal SU(2) in-
dex i. The index α is also raised and lowered by using the invariant tensors ǫαβ and ǫαβ,
ǫαβ = ǫαβ = i(σ2)αβ :
Φiα = Φ
iβǫβα, ǫ
γαǫγβ = δ
α
β. (3.11)
The field Φiα takes values in SU(2) and hence satisfies
ΦiαΦ
α
i = δ
i
j , Φ
α
i Φ
i
β = δ
α
β . (3.12)
The Q transformation laws of the nonlinear multiplet, following from (B.10), are
δΦiα = 2iε¯
(iλj)Φjα ,
δλi = −Φiα /ˆDΦ
α
j ε
j + 12γ
aVaε
i − 12V5ε
i − i2γ
aεjλ¯
iγaλ
j − i2εjλ¯
iλj
− i
8
γabεiλ¯γabλ+
1
4α
γ ·Fˆ (A)εi + γ ·vεi + 3tijε
j + gMαβΦ
i
αΦ
β
j ε
j ,
δVa = 2iε¯γabDˆ
bλ− i2α ε¯γabcλFˆ
bc(A) + 2iε¯γbλvab
− iε¯γaγ ·V λ− iε¯γaλV5 − 2iε¯iγaΦ
i
α /ˆDΦ
α
j λ
j − 4igε¯iγaΩj
α
βΦ
j
αΦ
β
i
+ 4iε¯γaχ˜− iε¯γaγ
bcRˆbc(Q)− 2iε¯
iγaλ
jtij − 2igε¯iγaλ
jMαβ Φ
i
αΦ
β
j ,
δV5 = 2iε¯ /ˆDλ−
i
2α ε¯γ ·Fˆ (A)λ− iε¯γ
abRˆab(Q) + 4iε¯χ˜
− iε¯γ ·V λ− iε¯λV5 + iε¯γ ·vλ− 2iε¯iΦ
i
α /ˆDΦ
α
j λ
j
− 2igε¯iλ
jMαβ Φ
i
αΦ
β
j − 4igε¯
iΩj
α
βΦ
j
αΦ
β
i . (3.13)
As in the linear multiplet case, the nonlinear multiplet also needs the following Q-invariant
constraint for the closure of the algebra:
2C + DˆaV
a + 2iλ¯ /ˆDλ+ DˆaΦiαDˆaΦ
α
i −
1
2V
aVa +
1
2V
2
5
+ 8iλ¯χ˜− iλ¯γabRˆab(Q)−
i
2α
λ¯γ ·Fˆ (A)λ+ iλ¯γ ·vλ+ 2iλ¯iΦαi /ˆDΦ
α
j λ
j
+ 2gYij
α
βΦ
i
αΦ
βj − 8igλ¯iΩj
α
βΦ
j
αΦ
β
i + 2igλ¯
iλjMαβ ΦαiΦ
β
j
+ tijt
j
i − 2gMαβt
ijΦαi Φ
β
j + g
2MαβM
β
α = 0. (3.14)
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§4. Hypermultiplet
4.1. Off-shell hypermultiplet
The hypermultiplet consisting of a boson Aαi and a fermion ζ
α in 6D is an on-shell
multiplet, and thus the supersymmetry algebra closes only when it satisfies the equations
of motion. When we go down to 5D, we can make it an off-shell multiplet. The procedure
is essentially identical to that known for the 4D case. 17), 13) The only difference is that the
necessary UZ(1) gauge multiplet is not added by hand but is automatically included in our
case as a multiplet containing the gravi-photon field Aµ.
Explicitly we proceed as follows. In the original supersymmetry transformation law
(B.15) of the hypermultiplet in 6D, we first make all the Weyl multiplet and transformation
parameters z independent, while keeping only the hypermultiplet members z dependent.
Even at this stage, clearly, we still have the same form for the supersymmetry algebra as
the original 6D form (B.16), in which Γ α is the non-closure function on ζα given in (B.17).
However, as shown by Eq. (B.18), Γ α still closes under the superconformal transformations,
together with Cαi , also defined in (B.17). We note that in deriving these transformation
laws, the only property required for ∂z is that it commutes with all the other transforma-
tions XA. Therefore, even if the fifth spatial derivative ∂z is replaced by the central charge
transformation Z everywhere in these,∗ exactly the same form for the transformation laws
will hold, provided that Z is actually a central charge. At this stage, the 6D supersymmetry
transformation becomes
δ Q(ε) = δ
org
Q (ε)
∣∣∣
∂z→Z
. (ε = ε(x) : z-independent) (4.1)
However, then, the conditions Γ α|∂z→Z = 0 and C
α
i |∂z→Z = 0 are no longer the on-shell
conditions but become merely defining equations for the central-charge transformations Zζα
and Z(ZAαi ) in terms of the other fields. Since the ‘on-shell condition’ C
α
i = 0 for the
boson Aαi is second order in ∂z, there appears no constraint on the first central charge
transformation ZAαi , so that it defines an auxiliary field
Fαi ≡ αZA
α
i , (4.2)
which is necessary for closing the algebra off-shell and balancing the numbers of boson and
fermion degrees of freedom. The factor of the ‘dilaton’ α is included to adjust the Weyl
weight of Fαi so as to have w(F
α
i )− w(A
α
i ) = 1, for convenience.
∗ The other way around, it is also well-known 18) to treat the central charge by introducing an extra
coordinate z.
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The superconformal transformation XA of F
α
i can be found from the requirement that
Z commutes with all XA as XAF
α
i = Z(XAαA
α
i ). This guarantees the central charge
property [Z, XA] = 0 on A
α
i . This property holds also on ζ
α and Fαi if their central-charge
transformations Zζα and ZFαi = αZ(ZA
α
i ) are defined by Γ
α|∂z→Z = 0 and C
α
i |∂z→Z = 0,
as above. This is the case because the set of conditions Γ α = 0 and Cαi = 0 is invariant
under the superconformal transformations. For later convenience, we note that Γ α contains
two ∂z terms, −iγ
z∂zζ
α − γaγz(∂zA
α
j )ψ
j
a, so that δZζ determined by Γ
α|∂z→Z = 0 can be
written using γzγz = gzz in the form
δZζ
α = −i(gzz)−1γz
(
Γ α − γaγz(α−1Fαj − ∂zA
α
j )ψ
j
a
)
+ ∂zζ
α. (4.3)
Next we fix the gauges of Ma5, S
i and Ka as done above, and then the supersymmetry
transformation δQ(ε) in 5D is given by Eq. (2.21), where δ Q(ε) is the 6D supersymmetry
transformation with ∂z replaced by Z, given in (4.1). The relations between the covariant
derivatives in 6D and 5D are given exactly by Eq. (2.38). Here also, it is convenient to lower
the Weyl weight of the hypermultiplet in 5D by 1/2 from that in 6D by multiplying each
component by α−1/2. Doing this, the Weyl weights of the hypermultiplet members become
those given in Table II.
The supersymmetry transformation law for the 5D hypermultiplet determined this way
is given by
δAiα = 2iε¯
iζα ,
δζα = − /ˆDA
i
αεi + F
i
αεi + 3tijε
iAjα + gMα
βεiAiβ +
1
4αγ ·Fˆ (A)εiA
i
α + γ ·vεiA
i
α ,
δF iα = −2iε¯
i
(
/ˆDζα −
1
4αγ ·Fˆ (A)ζα +
1
2γ ·vζα −
1
2A
i
αγ
abRˆabi(Q)
+ 2Aiαχ˜i − gMα
βζβ + 2gΩ
i
α
βAβi
)
. (4.4)
The central charge transformation law is
αδZ(θ)A
i
α = θF
i
α ,
αδZ(θ)ζα = −θ
(
/ˆDζα −
1
4αγ ·Fˆ (A)ζα +
1
2γ ·vζα −
1
2A
i
αγ
abRˆabi(Q)
+ 2Aiαχ˜i − gMα
βζβ + 2gΩ
i
α
βAβi
)
,
αδZ(θ)F
i
α = θ
(
(DˆaDˆa − C)A
i
α + 4iζ¯αχ˜
i + 4igΩ¯iα
βζβ − 2gY
i
jα
βAjβ − t
i
jt
j
kA
k
α
+ 2gtijMα
βAjβ − g
2Mα
βMβ
γAiγ − 2t
i
jF
j
α + 2gMα
βF iβ
)
. (4.5)
One should note that the covariant derivatives Dˆa here as well as in (4.4) contain also the
covariantization term −δZ(Aa) with respect to the central charge, so that these definitions
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of δZ(θ)ζα and δZ(θ)F
i
α by the second and third equations of (4.5) are recursive. However,
they can easily be solved algebraically; for instance, the second equation gives
δZ(θ)ζα = −θ
α + /A
α2 − A2
(
/ˆD
′
ζα −
1
4αγ ·Fˆ (A)ζα +
1
2γ ·vζα −
1
2A
i
αγ
abRˆabi(Q)
+ 2Aiαχ˜i − gMα
βζβ + 2gΩ
i
α
βAβi
)
, (4.6)
where Dˆ′a denotes a covariant derivative with the −δZ(Aa) term omitted.
4.2. Hypermultiplet action
Note that we did not actually have to throw away the z dependence of the hypermultiplet
in the above 5D supersymmetry transformation. If z is retained, it merely represents a
continuous label of an infinite number of copies of the 5D hypermultiplets which all transform
in the same way.
In 6D, the action S0 for the hypermultiplet was constructed in the form
S0 =
∫
d5x
∫
dz e6
{
Aαi dα
βC iβ + 2(ζ¯
α − iψ¯iµγ
µAαi )dα
βΓβ
}
, (4.7)
so that the equations of motion give the desired ‘on-shell’ conditions Γ α = Cαi = 0, where
e6 is the determinant of the sechsbein and dα
β is a G-invariant tensor. This action is fully
invariant under the original superconformal transformation in 6D.
Here, in the action, let us take all the Weyl multiplet (and transformation parameters)
to be z independent, while keeping the hypermultiplet z dependent and using the original
C iα and Γα, in which ∂z are not replaced by Z. Then, the action represents an action for
the infinite copies of the 5D hypermultiplets labeled by z, but is, of course, not invariant
under the above 6D supersymmetry transformation δ Q(ε) with ∂z replaced by Z, since, for
instance, it contains no auxiliary field Fαi . However, we can make it invariant with a small
modification as follows.
From our knowledge of global supersymmetric theory, we expect that the
quadratic term ∂zA
α
i dα
β∂zA
i
β does not appear in the action and that the auxiliary field
Fαi appears as a replacement of α∂zA
α
i . Thus we are led to trying the following action
(before doing the overall rescaling of the hypermultiplet by the factor α−1/2):
S = S0 +
∫
d5x
∫
dz
{
−e6g
zz(α−1Fαi − ∂zA
α
i )dα
β(α−1F iβ − ∂zA
i
β)
}
. (4.8)
Indeed, then the added quadratic term in α−1Fαi − ∂zA
α
i exactly cancels the quadratic
term +e6g
zz∂zA
α
i dα
β∂zA
i
β, which is contained in the first term e6A
α
i dα
βC iβ in S0 after a
partial integration. To show that this action S is indeed invariant under the the above
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supersymmetry transformation δ Q(ε) (4.1), we note that δ Q(ε) transformations of F˜
α
i ≡
α−1Fαi − ∂zA
α
i = (δZ − ∂z)A
α
i and e6g
zz are given by (in 6D spinor notation)
δ Q(ε)F˜
α
i = 2ε¯i(δZ − ∂z)ζ
α = −2i(gzz)−1ε¯iγ
z(Γ α − γaγzψjaF˜
α
j ) ,
δ Q(ε)(e6g
zz) = −2ie6g
zzε¯γaψa + 4ie6ε¯γ
zψz = 2ie6ε¯γ
zγaγzψa , (4.9)
and that the difference between the above δ Q(ε) transformation and the original 6D super-
symmetry transformation δ orgQ (ε) exists only in the ζ
α field:
δ Q(ε) = δ
org
Q (ε) + δ
′
Q(ε) ,
δ′(ε)ζα = iγzεiF˜αi , δ
′(ε)Aαi = 0 , δ
′(ε)(Weyl multiplet) = 0 . (4.10)
If we use these equations together with the original action invariance δ orgQ (ε)S0 = 0 and
δS0/δζ¯
α = 4e6dα
β Γβ , we can immediately confirm the invariance of the action (4.8) under
δ Q(ε). Use has also been made of the relation F˜
α
j dα
βF˜ iβ =
1
2
δijF˜
α
k dα
βF˜kβ .
Since the action (4.8) is invariant under δ Q(ε), as well as all the other 6D superconformal
transformations with z-independent parameters, it gives, after fixing the gauges of Ma5, S
i
and Ka, an action that is invariant under the 5D supersymmetry transformation δQ(ε) given
by Eq. (2.21). Invariance under the central charge transformation δZ also follows from the
[δQ, δQ] algebra (2.45) and invariance under all transformations other than δZ .
The action (4.8) contains an infinite number of copies of the hypermultiplets. However, we
can compactify the z direction into a torus of radius R and Fourier expand the hypermultiplet
fields φα = (Aαi , ζ
α, Fαi ) into cosine and sine modes as φ
α(x, z) =
∑
n(φ
(n)α
c (x) cos(nz/R) +
φ(n)αs (x) sin(nz/R)). Then, clearly, each set of components, φ
(n)α
c and φ
(n)α
s , with the label
n separately gives a 5D hypermultiplet closed under the 5D supersymmetry transformation,
and moreover, the multiplets with different labels n are also separated in the action (4.8),
which is (homogeneously) quadratic in φ, as a result of the conservation of momentum
pz = n/R. The cosine and sine modes with the same label n mix with each other in the
terms containing ∂zφ in the action. Therefore we can retain only the modes with an arbitrary
single label n to be consistent with invariance. The terms containing no ∂z give the same
forms of kinetic terms for the cosine, φ(n)c , and sine, φ
(n)
s , modes (actually, also independent
of n), and the terms containing ∂zφ gives mass terms between φ
(n)
c and φ
(n)
s . Since the mass
square is m2 = (n/R)2 and R is a free parameter, the kinetic terms and the mass terms
give separately invariant actions. Thus, taking also account of the overall rescaling of the
hypermultiplet by the factor α−1/2, we first find the action formula for the kinetic terms of
the hypermultiplet, which takes the same form as the z-independent n = 0 mode,
Skin =
∫
d5x e
{
Aαi dα
βC ′ iβ + 2(ζ¯
α − iψ¯iµγ
µAαi )dα
βΓ ′β
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−gzz(α−1Fαi − ∂zA
α
i )dα
β(α−1F iβ − ∂zA
i
β)
}
, (4.11)
where the prime on C ′ iβ and Γ
′
β is a reminder that the ∂z terms in them are omitted, although
they vanish automatically, because the fields are now z-independent 5D fields. The mass
terms, as they stand, are the transition mass terms between the two hypermultiplets φαc and
φαs (suppressing the label n). However, if there is a symmetric G-invariant tensor ηαβ = ηβα,
then we can reduce them to a single hypermultiplet by imposing the constraint
φαs = (d
−1)αβηβγφ
γ
c . (4.12)
This constraint is consistent with G-invariance, and hence with supersymmetry. The terms
containing ∂z in the action (4.8) have the form φ∂zφ, which is rewritten, after substituting
φα(x, z) = φαc (x) cos(nz/R) + φ
α
s (x) sin(nz/R), performing the z integration, and imposing
the constraint (4.12), as
φ∂zφ → (n/R)
(
φαc dαβφ
β
s − φ
α
s dαβφ
β
c
)
= 2(n/R)
(
φαc ηαβφ
β
c
)
. (4.13)
Using this rule and collecting the φ∂zφ terms in the action (4.8), we find the action formula
for the hypermultiplet mass term to be
Smass =
∫
d5x emηαβ
{
−Aµ(DµAαi)A
i
β − iζ¯αγ
zζβ + 2Aαiψ¯
i
µ
γzγµ ζβ
− iψ¯
(i
µ
γµzνψj)
ν
AαiAβj + α
−1gzzFαiA
i
β
}
, (4.14)
where Dµ is the covariant derivative with respect to the homogeneous transformations
Mab, D, U
ij andG. The action formulas (4.11) and (4.14) are written using the 6D notation
(for, in particular, the spinors and covariant derivatives), and are generally valid indepen-
dently of the choice of theMa5, S
i andKa gauge-fixing conditions. More explicit expressions
for them, valid in the present gauge-fixing and completely written in 5D notation, will be
given in the forthcoming paper. 19)
§5. Embedding and invariant action formulas
5.1. Embedding formulas
We now give some embedding formulas that give a (known type of) multiplet using a
(set of) multiplet(s). First, however, we discuss the important point that there is a vector
submultiplet in our 5D Weyl multiplet.
When going down to 5D from 6D, there appeared a new set of fields Aµ, ψ5 and α from
the fifth spatial components of the vielbein and Rarita-Schwinger fields in 6D. It is natural
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to wonder if they might give a submultiplet in the 5D Weyl multiplet. Indeed this is the
case, and we can easily check that the gravi-photon Aµ and the dilaton α = e
z
5 have the same
transformation law with the usual matter U(1) vector multiplet with the identification
(Wµ, M, Ω
i, Y ij) = (Aµ, α, 0, 0). (5.1)
We suspect that ψ5 would have appeared as the Ω component of this multiplet if ψ5 were
not set to zero as the S gauge-fixing. We refer to this vector multiplet as a ‘central charge
vector multiplet’.
Now we give an embedding formula of the vector multiplets V A into a linear multiplet.
The index A labels the generators {tA} of the gauge group G, which is generally non-simple.
This formula exists for arbitrary polynomials f(M) of the first components MA of V A, as
long as the degree of f is two or less:
f(M) = f0 + f0AM
A + 12f0ABM
AMB. (5.2)
For such a polynomial f , we can identify the following linear multiplet:
Lij = −2ftij + fAY
A ij − ifABΩ¯
AiΩBj ,
ϕi = −4fχ˜i + fA
(
( /ˆD − 12γ ·v)Ω
Ai + tijΩ
Aj − g[M,Ωi]A
)
− fAB
(
(14γ ·Gˆ(W )
A − 12 /ˆDM
A)ΩBi + Y A ijΩ
Bj
)
,
Ea = Dˆ
b(4fvab + fAGˆab(W )
A + ifABΩ¯
AγabΩ
B)
− ifAΩ¯
AγabcRˆ
bc(Q) + 1
4α2
f0ǫabcdeFˆ
bc(A)Fˆ de(A)
+ 14αǫabcdef0AFˆ
bc(W )AFˆ de(A) + 18ǫabcdef0ABFˆ
bc(W )AFˆ de(W )B
− 2igfA[Ω¯, γaΩ]
A − 2igfABΩ¯
Aγa[M,Ω]
B + gfA[M, DˆaM ]
A ,
N = −4f(C + 4tijt
j
i)− Dˆ
aDˆaf
+ fA
(
−2Gˆab(W )
Avab + 12αGˆab(W )
AFˆ ab(A) + 4tijY
A j
i
+ iΩ¯AγabRˆab(Q)− 16iΩ¯
Aχ˜+ 2ig[Ω¯, Ω]A
)
+ fAB
(
−1
4
Gˆ(W )A ·Gˆ(W )B + 1
2
DˆaMADˆaM
B − Y A ijY
B j
i + 2iΩ¯
A /ˆDΩB
+ i
2α
Ω¯Aγ ·Fˆ (A)ΩB − iΩ¯Aγ ·vΩB + 2iΩ¯AiΩBjtij
)
, (5.3)
where the commutator [X, Y ]A represents [X, Y ]AtA ≡ X
BY C [tB, tC ], and
f ≡ f(M), fA ≡
∂f
∂MA
= f0A + f0ABM
B, fAB ≡
∂2f
∂MA∂MB
= f0AB. (5.4)
When the transformation of the lowest component Lij of a linear multiplet takes the form
2iε¯(iϕj), then the supersymmetry algebra (2.45) demands that all the other higher compo-
nents must uniquely transform in the form given in Eq. (3.5) and that the constraint (3.6)
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should hold. Therefore, in order to identify all the above components of the linear multiplet,
we have only to examine the transformation law up to the second component, ϕi, since the
supersymmetry algebra is guaranteed to hold for any function of the vector multiplet fields.
The transformation laws of the remaining components Ea and N , as well as the constraint,
are automatic and need not be checked.
For a more general function f(M), we cannot satisfy the first component transformation
form δLij = 2iε¯(iϕj). Therefore, this embedding is impossible for functions other than the
polynomial f(M) of degree two.
In the above derivation we have assumed that the coefficients f0, f0A and f0AB are con-
stants. But actually f(M) should carry Weyl weight w = 2. Thus f0, f0A and f0AB in fact
each takes the form const×(α2, α, 1) (and hence f(M) is actually a homogeneous quadratic
polynomial in α and M). This is consistent since α is covariantly constant and Q invariant.
If f(M) is G-invariant, the above linear multiplet does not carry any charge. Then, it
must be possible to rewrite the embedded Ea component into the form (3.8) in terms of an
antisymmetric tensor gauge field Eµν . (Note that the last three terms in Ea of Eq. (5.3)
cancel and vanish for G-invariant f(M).) In this case, we find
Eµν = −e(4fvµν + fAGˆ
µν(W )A + ifABΩ¯
AγµνΩB + if ψ¯ργ
µνρσψσ − 2ifAψ¯λγ
µνλΩA)
− 1
2α2
f0ǫ
µνλρσAλFρσ(A)−
1
2α
f0Aǫ
µνλρσAλFρσ(W )
A
− 12f0ABǫ
µνλρσ(WAλ ∂ρW
B
σ −
1
3gW
A
λ [Wρ, Wσ]
B) . (5.5)
We next consider construction of a linear multiplet from the product of two hypermul-
tiplets (Aiα, ζ
α, F iα) and (A
′i
α, ζ
′α, F ′iα). This possibility is suggested by N = 2, d = 4
superconformal tensor calculus. 17) Actually, we find almost the same form of formula to
hold:
Lij = ηαβA(iαA
′j)
β ,
ϕi = ηαβ
(
ζαA
′i
β +A
i
αζ
′
β
)
,
Ea = η
αβ
{
AiαDˆaA
′
βi − (DˆaA
i
α)A
′
βi − 2iζ¯αγaζ
′
β
}
,
N = ηαβ
{
−Aiα(gM ∗ A
′
i)β + (gM ∗ A
i)αA
′
βi − 2tijA
i
αA
′j
β − 2iζ¯αζ
′
β
}
,(
(gM ∗ Ai)
α ≡ (δG(M) + δZ(α))A
α
i = gM
α
βA
β
i + F
α
i
)
(5.6)
where ηαβ is an arbitrary G-covariant tensor. For instance, if ηαβ is proportional to the
generator matrices (tA)
αβ = ρβγ(tA)
α
γ, then this linear multiplet belongs to the adjoint
representation of G. Note that even in the case that ηαβ is a G-invariant tensor, this linear
multiplet still carries a U(1) charge, i.e., it is not invariant under the Z transformation;
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e.g., δZ(α)L
ij = ηαβ(F (iαA
′j)
β + A
(i
αF
′j)
β ). For this linear multiplet, therefore, the ‘group
action terms’ like gMLij appearing in the supersymmetry transformation law (3.5) should
be understood to contain not only the usual gauge group G action but also the central charge
Z action; that is, noting that the vector multiplet associated with the central charge is the
multiplet (5.1), the gM action should be understood to be gM∗ ≡ δG(M)+ δZ(α), the same
action as on Aαi in the above.
5.2. Invariant action formulas
An invariant action formula exists for the product of a vector multiplet and a linear
multiplet in 6D, as given in Eq. (B.20). This leads directly to the following invariant action
formula in 5D:
e−1LVL = Y
ijLij + 2iΩ¯ϕ+ 2iψ¯
i
aγ
aΩjLij +
1
2M(N − 2iψ¯bγ
bϕ− 2iψ¯iaγ
abψjbLij)
− 12Wa(E
a − 2iψ¯bγ
baϕ + 2iψ¯ibγ
abcψjcLij) . (5.7)
As in 6D, this 5D action is invariant if the vector multiplet is abelian and the linear multiplet
carries no gauge group charges or is charged only under the abelian group of this vector
multiplet. When the linear multiplet carries no charges at all, the constrained vector field
Ea can be replaced by the unconstrained anti-symmetric tensor gauge field Eµν , as shown
in (3.8). Using this, the second line of the above action (5.7) can be rewritten, up to a total
derivative, as
− 1
2
eWa(E
a − 2iψ¯bγ
baϕ+ 2iψ¯ibγ
abcψjcLij) → +
1
4
Fµν(W )E
µν . (5.8)
In five dimensions, this formula also leads to a simpler invariant action formula. That
is, we have a special vector multiplet (5.1) in 5D which we call the central charge vector
multiplet. We can apply (5.7) to this vector multiplet. We then obtain
(αe)−1LL = N − 2iψ¯bγ
bϕ− 2iψ¯iaγ
abψjbLij −
1
α
Aa(E
a − 2iψ¯bγ
baϕ+ 2iψ¯ibγ
abcψjcLij). (5.9)
We may call this a linear multiplet action formula, and essentially the same formula was
found by Zucker. 9) Again, when the linear multiplet carries no charge at all, the above
rewriting (5.8) is of course possible, and the formula becomes extremely simple:
LL = eα(N − 2iψ¯bγ
bϕ− 2iψ¯iaγ
abψjbLij) +
1
2Fµν(A)E
µν . (5.10)
These action formulas can be used to write the action for a general matter-Yang-Mills sys-
tem coupled to supergravity. If we use the above embedding formula (5.3) of vector multiplets
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into a linear multiplet and apply the last linear multiplet action formula (5.10), then we ob-
tain a general Yang-Mills-supergravity action. If we use the ‘hypermultiplet×hypermultiplet
→ linear multiplet’ formula (5.6) and apply the linear multiplet action formula (5.9), then
we obtain the action for a general hypermultiplet matter system.∗ The kinetic term for
the hypermultiplet (Aiα, ζ
α, F iα) can be obtained if, when using the formula (5.6), we take
the central-charge transformed hypermultiplet Z(Aiα, ζ
α, F iα) as (A
′i
α, ζ
′α, F ′iα). The mass
term can be obtained by choosing (A′iα, ζ
′α, F ′iα) = (A
i
α, ζ
α, F iα) and a symmetric tensor
ηαβ. 17) It is interesting to see that these formulas give the same hypermultiplet actions as
those which we have independently derived from the 6D action in §4.
§6. Summary and discussion
In this paper we have derived supergravity tensor calculus in five dimensions using di-
mensional reduction from the known superconformal tensor calculus in six dimensions. Our
5D supergravity tensor calculus results from that in 6D by fixing the gauges of the Ma5, S
i
and Ka symmetries, and so it retains the supersymmetry Q
i, the local Lorentz symmetry
Mab, the dilatation symmetry D and the gauge symmetries of SU(2) Uij, central charge Z
and a group G transformations. We have derived supersymmetry transformation laws for
the vector multiplet, linear multiplet, nonlinear multiplet and hypermultiplet. In particular,
we have made the hypermultiplet off-shell, while it existed only as an on-shell multiplet in
6D.
Moreover, we have obtained invariant action formulas and multiplet-embedding formulas,
which will become useful when constructing a general matter-gauge field system coupled to
supergravity. Some of these formulas are derived directly from the 6D formulas through
dimensional reduction, but others are particular to the present five dimensions.
The presence of the dilatation D in our calculus is extremely useful, because it makes
obtaining the canonical form of the Einstein and Rarita-Schwinger terms trivial. Usually,
when we write a general system of matter and gauge fields coupled to supergravity, the
Einstein and Rarita-Schwinger terms in the resultant action have a non-trivial function
of fields as their common coefficient. But if we have dilatation symmetry, the coefficient
function can be set equal to 1 simply as a gauge fixing condition of the D symmetry. 12)
In this respect, it might have been better not to gauge-fix the Si supersymmetry either,
since the Si symmetry could be used to eliminate the mixing of the Rarita-Schwinger and
matter fermions. 12) However, we have chosen to fix Si by ψz = 0 in this paper to avoid
∗ Actually, these two actions for vector multiplets and hypermultiplets do not separately give a consistent
supergravity action, but they do when combined. This is discussed in a forthcoming paper. 19)
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complications in the dimensional reduction. The price we pay for doing this, however, is
that we need to make some field redefinitions to eliminate the fermion mixing. It is also
interesting to note that it is actually possible to avoid fixing the gauge altogether (even
the Ma5 gauge) in the course of the dimensional reduction (i.e., making all the fields z
independent). Then, the resultant 5D theory would have full 6D superconformal symmetry
aside from the fact that the 6D GC transformation reduces to the 5D GC transformation
plus the central charge transformation. This is interesting because there seems to be no
(global) superconformal group in 5D.
By using the formulas given in this paper, it is now easy to write down such a general
matter-gauge field system coupled to supergravity. To obtain such supergravity actions in
the superconformal framework, we generally need compensating multiplets 20), 16) in addition
to the 40+40 supergravity Weyl multiplet. Our five dimensional theory does not have full
superconformal symmetries, but its Weyl multiplet is the same size, and it shares common
properties with the superconformal theory. A different choice of the compensating multiplets
leads to a different off-shell formulation of supergravities. In the N = 2, d = 4 superconfor-
mal case, there are three possibilities for the compensator. The first is to use a nonlinear
multiplet, 21) the second a hypermultiplet, 21) and the third a linear multiplet. 22) In the
d = 6 case, only the third possibility is possible, as described in BSVP. On the other hand,
here in our 5D case, all three possibilities are possible. The first possibility was investigated
by Zucker in his tensor calculus framework. However, our experience with N = 1 23) and
N = 2 17) in d = 4 leads us to believe that the second possibility is the most useful choice
for constructing the most general matter (hypermultiplet) system as well as for studying the
symmetries. We shall carry out these tasks explicitly in a forthcoming paper. 19)
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Appendix A
Conventions and Useful Identities
Throughout this paper we use ηab = diag(+,−,−,−,−) as the Lorentz metric, which is
different from that of BSVP but is more familiar to phenomenologists. With this metric,
the 4× 4 Dirac γ-matrices γa in 5D satisfy, as usual,
γaγb + γbγa = 2ηab, (γa)† = ηabγ
b. (A.1)
We use the multi-index γ-matrices defined by
γ(n) ≡ γa1···an ≡ γ[a1γa2 · · · γan] ≡
1
n!
∑
p=perm’s
(−1)pγa1γa2 · · · γan , (A.2)
where the square bracket [ · · · ] attached to the indices implies complete antisymmetrization
with weight 1. Similarly, ( · · · ) is used for complete symmetrization with weight 1. We
choose the Dirac matrices to satisfy
γa1···a5 = ǫa1···a5 , ǫ01234 = 1, (A.3)
where ǫa1···a5 is a totally antisymmetric tensor. With this choice, the duality relation reads
γa1···an =
Sn
(5− n)!
ǫa1···anb1···b5−nγb1···b5−n , Sn =

 +1 for n = 0, 1, 4, 5−1 for n = 2, 3 . (A.4)
The charge conjugation matrix C in 5D has the properties
CT = −C, C†C = 1, CγaC
−1 = γTa . (A.5)
Our spinors carry the SU(2) index i (i = 1, 2) of Uij. This index is generally raised or
lowered by using the ǫ symbol ǫij = ǫij = i(σ2)ij :
ψi = ǫijψj , ψi = ψ
jǫji. (A.6)
[Note that contraction of the SU(2) indices is always performed according to the northwest-
to-southeast convention.] All our 5D spinors satisfy the SU(2)-Majorana condition,
ψ¯i ≡ (ψi)
†γ0 = (ψi)TC. (A.7)
When SU(2) indices are suppressed in bilinear terms of spinors, the northwest-to-southeast
contraction of the SU(2) indices is implied:
ψ¯γ(n)λ ≡ ψ¯iγ(n)λi. (A.8)
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The following symmetry of spinor bilinear terms is important:
λ¯γ(n)ψ = tnψ¯γ
(n)λ, tn =

 +1 for n = 2, 3−1 for n = 0, 1, 4, 5 . (A.9)
If the SU(2) indices are not contracted, the sign becomes opposite.
We often use the Fierz identity, which in 5D reads
ψiλ¯j = −14(λ¯
jψi)− 14(λ¯
jγaψi)γa +
1
8(λ¯
jγabψi)γab. (A.10)
An important identity can be proved by using this Fierz identity: the antisymmetric trilinear
in spinors ψ1, ψ2, ψ3 satisfies
γaψi[1(ψ¯2γaψ3])− ψ
i
[1(ψ¯2ψ3]) = 0. (A.11)
From this identity and with the help of the Fierz identity again, when necessary, various
identities can be derived and used when proving, e.g., the invariance of the action. Two
examples are
2ψaj(ψ¯
i
bγ
abcψjc)− 3γ
abψi[a(ψ¯bγ
cψc]) = 0,
ψ¯[aγ
dψbψ¯
i
cγ
abcψjd] = 0. (A
.12)
(Six-dimensional analogues to these can actually be found more easily, from which one could
derive these by dimensional reduction.)
A useful formula in treating the SU(2) indices is
Aij = −12ǫ
ijA + A(ij), Aij = +
1
2δ
i
jA+ AS
i
j , (A.13)
where A ≡ Aii and AS
i
j ≡ A
(ik)ǫkj. Often used is the following formula for γ
µ1µ2···µn , which
is valid for any number of spacetime dimensions d:
γν1ν2···νmγµ1µ2···µnγν1ν2···νm = C
d
n,mγ
µ1µ2···µn ,
Cdn,m = (−1)
[d/2]+nmm!× {Coefficient of xm in (1 + x)d−n(1− x)n}. (A.14)
More explicit values for Cdn,m in d = 5 and 6 cases are given in Table III.
Finally, we mention the formulas holding for d = 6 for the (anti-)self-dual tensor T±abc =
±(1/6)ǫabcdefT
± def , which are useful in the dimensional reduction:
γ ·T± = 6T±ab5γ
ab5P±,
(
P± =
1± γ7
2
)
,
γaγ ·T
± = 6T±abcγ
bcP±, γ[aγ ·T
±γb] = −12T
±
abcγ
cP∓. (A.15)
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Table III. The coefficients Cdn,m in the formula Eq. (A.14) for d = 5 and 6 cases.
d = 5 m = 1 m = 2
n = 0 5 −20
n = 1 −3 −4
n = 2 1 4
n = 3 1 4
d = 6 m = 1 m = 2 m = 3
n = 0 6 −30 −120
n = 1 −4 −10 0
n = 2 2 2 24
n = 3 0 6 0
Table IV. Correspondence between the notation of BSVP and that used here.
BSVP Ours
xµ x
µ or −xµ
∂µ ∂µ or −∂
µ
δab −ηab
γa −iγ
a or iγa
γa∂a ≡ /∂ −iγ
a∂a = −i/∂
γ7 = iγ1γ2γ3γ4γ5γ6 γ7 = γ0γ1γ2γ3γ4γ5
ǫabcdef (ǫ123456 = +1) −iǫabcdef or −iǫ
abcdef (ǫ012345 = +1)
Superconformal generators XA
Pa, Q, D, Ka Pa, (1/2)Q, D, −Ka
Mab, U , S Mab, (1/2)U , (1/2)S
Gauge fields hAµ (the same rules for R
A
µν and transformation parameters ε
A)
eaµ, ψµ, bµ, f
a
µ e
a
µ, 2ψµ, bµ, −f
a
µ
ωabµ , V
ij
µ , φµ ω
ab
µ , 2V
ij
µ , 2φµ
T−abc T
−
abc or −T
− abc
Appendix B
6D Superconformal Tensor Calculus and Correspondence
Since our notation and, in particular, metric convention are different from BSVP, we here
summarize the results of BSVP for 6D superconformal tensor calculus for the parts we need
in this paper using our notation. For reader’s convenience, we also give the correspondence
between the BSVP notation and our notation in Table IV. In this appendix, we omit the
underlines that indicate six dimensional quantities.
The local superconformal tensor calculus is constructed generally by deforming the Yang-
Mills theory based on the superconformal group. 24), 25), 21), 16) In 6D, the superconformal
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Table V. Weyl multiplet.
field type restrictions SU(2) Weyl-weight
eµ
a boson sechsbein 1 −1
ψiµ fermion γ7ψ
i
µ = +ψ
i
µ 2 −
1
2
V ijµ boson V
ij
µ = V
ji
µ = −V
∗
µij 3 0
bµ boson real 1 0
T−abc boson T
−
abc = −
1
6ǫabcdefT
−def
1 1
χi fermion γ7χ
i = +χi 2 32
D boson real 1 2
dependent gauge fields
ωµ
ab boson spin connection 1 0
φiµ fermion γ7φ
i
µ = −φ
i
µ 2
1
2
fµ
a boson real 1 1
group is OSp(6, 2|1), whose generators are given in Eq. (2.1), and the algebra is deformed
by imposing the following three constraints on the curvatures:
Rˆµν
a(P ) = 0 ,
Rˆµν
ba(M)eνb − T
−
µbcT
−abc −
1
12
eµ
aD = 0 ,
γµRˆµν
i(Q) =
1
12
γνχ
i . (B.1)
Note that the Rˆµν(X) are the covariant curvatures of the resultant algebra, but not of the
original superconformal group.
B.1. Weyl multiplet
As mentioned in Eq. (2.3), the d = 6 Weyl multiplet consists of 40 Bose plus 40 Fermi
fields, whose properties are summarized in Table V. The M , K and S gauge fields ωµ
ab, faµ
and φiµ become dependent fields by the constraints (B.1). For example, the ωµ
ab is given as
follows by solving the first constraint Rˆµν
a(P ) = 0:
ω abµ = ω
0 ab
µ + i(2ψ¯µγ
[aψb] + ψ¯aγµψ
b)− 2e [aµ b
b] ,
ω0 abµ ≡ −2e
ν[a∂[µe
b]
ν] + e
ρ[aeb]σeµ
c∂ρeσc . (B.2)
The gauge fields of the Weyl multiplet transform under the Q,S and K transformation
δ ≡ ε¯iQi + η¯
iSi + ξ
a
KKa ≡ δQ(ε) + δS(η) + δK(ξK) as
δeaµ = −2iε¯γ
aψµ ,
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δψiµ = Dµε
i − 124 γ ·T
−γµε
i + iγµη
i ,
δωµ
ab = +2ε¯γabφµ − 2iε¯γ
[aRˆµ
b](Q)− iε¯γµRˆ
ab(Q)
+ i
6
eµ
[aε¯γb]χ− 2iε¯γcψµT
−abc + 2η¯γabψµ − 4ξ
[a
Keµ
b] ,
δbµ = −2ε¯φµ −
i
12 ε¯γµχ+ 2η¯ψµ − 2ξ
a
Keµa ,
δVµ
ij = −8ε¯(iφj)µ −
i
3 ε¯
(iγµχ
j) − 8η¯(iψj)µ ,
δφiµ = ifµ
aγaε
i − i
16
(γabγµ −
1
2
γµγ
ab)Rˆab
i
j(U)ε
j
− i96( /ˆD γ ·T
−)γµε
i + 112γaχ
i ε¯γaψµ +Dµη
i − iξaKγaψ
i
µ , (B.3)
where the derivative Dµ is covariant only with respect to the homogeneous transformations
Mab, D and Uij (and G for non-singlet fields under the Yang-Mills group G). These ho-
mogeneous (i.e., Weyl weight w = 0) transformations Mab, D and Uij are self-evident from
the index structure carried by the fields; our conventions are
δM(λ)φ
a = λabφ
b, δM(λ)ψ =
1
4λ
abγabψ (ψ : spinor),
δU(θ)φ
i = θijφ
j , → δU(θ)φi = θijφ
j = −θi
jφj,
δG(t)φ
α = tαβφ
β, δD(ρ)φ = wρφ (w : Weyl weight of φ). (B.4)
The Q, S, K transformation law of the ‘matter multiplet’ is
δT−abc = −
i
8 ε¯γ
deγabcRˆde(Q) +
7
48i ε¯γabcχ ,
δχi = 14(Dˆµ γ ·T
−)γµεi + 34 γ ·Rˆ
i
j(U)ε
j + 12Dε
i + iγ ·T−ηi ,
δD = −2iε¯ /ˆDχ− 4η¯χ . (B.5)
The algebra (2.22) of these transformations is given explicitly by
[δQ(ε1), δQ(ε2)] = ξ
µDˆµ + δM(ξcT
−abc) + δS
(
i
24
ξµγµχ
i
)
− δK
(
1
4ξbDˆcT
−abc + 148ξ
aD
)
,
(
ξa ≡ 2i(ε¯1γ
aε2)
)
[δS(η), δQ(ε)] = δD(−2ε¯η) + δM(2ε¯γ
abη) + δU (−8ε¯
(iηj)) ,
[δS(η1), δS(η2)] = δK(2iη¯1γ
aη2) . (B.6)
This algebra can be read directly from the structure functions which appear in the transfor-
mation laws (B.3) of the Weyl multiplet gauge fields (cf. Eq. (2.24)).
B.2. Vector multiplet
The vector multiplet components are summarized in Table VI and they are all Lie-
algebra valued; e.g., Wµ represents the matrix Wµ
α
β = W
A
µ (tA)
α
β, where the tA are the
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Table VI. Matter multiplets.
fields type restrictions SU(2) Weyl-weight
Vector multiplet
Wµ boson Yang-Mills gauge boson 1 0
Ωi fermion γ7Ω
i = +Ωi 2 32
Yij boson Y
ij = Y ji = −Y ∗ij 3 2
Linear multiplet
Lij boson Lij = Lji = −(Lij)
∗
3 4
ϕi fermion γ7ϕ
i = −ϕi 2 92
Ea boson real 1 5
Nonlinear multiplet
Φiα boson (Φ
α
i )
∗ = −Φiα, Φ
i
αΦ
α
i = δ
i
j , Φ
α
i Φ
i
β = δ
α
β 2 0
λi fermion γ7λ
i = −λi 2 12
Va boson real 1 1
Hypermultiplet
Aiα boson A
i
α = ǫ
ijAβj ρβα = −(A
α
i )
∗
2 2
ζα fermion γ7ζα = −ζα 1
5
2
(anti-hermitian) generators of the gauge group G. The Q, S, K gauge transformation law
is
δWµ = −2iε¯γµΩ ,
δΩi = −1
4
γ ·Fˆ (W )εi − Y ijεj ,
δY ij = 2iε¯(i /ˆDΩj) + 4η¯(iΩj) , (B.7)
where the covariant field strength is Fˆµν(W ) ≡ Fµν(W ) + 4iψ¯[µγν]Ω, with Fµν(W ) ≡
2∂[µWν] − g[Wµ, Wν ], and Dˆµ is covariant also with respect to G.
B.3. Linear multiplet
The linear multiplet consists of the components given in Table VI, and they may generally
carry non-Abelian charge. Their Q, S, K transformation rules are
δLij = 2ε¯(iϕj) ,
δϕi = −i /ˆDLijεj +
i
2γ
aεiEa − 8L
ijηj ,
δEa = 2ε¯γabDˆ
bϕ− 1
12
ε¯γaγ ·T
−ϕ− 2
3
iε¯iγaχ
jLij
− 4igε¯iγaΩjL
ij − 10iη¯γaϕ . (B.8)
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Closure of the algebra requires the following Q- and S-invariant constraint:
DˆaEa +
1
2ϕ¯χ + 4gΩ¯ϕ+ 2gY
ijLij = 0 . (B.9)
B.4. Nonlinear multiplet
The nonlinear multiplet consists of the components listed in Table VI. Their Q, S, K
transformation rules are
δΦiα = 2ε¯
(iλj)Φjα ,
δλi = −iΦiα /ˆDΦ
α
j ε
j + i
2
γaVaε
i + 1
2
γaεj λ¯
iγaλj
+ 148γabcε
i λ¯γabcλ− 4ηi ,
δVa = 2ε¯γabDˆ
bλ+ i3 ε¯γaχ− ε¯γaγ
bλVb −
1
12 ε¯γaγ ·T
−λ
− 2ε¯iγaΦ
i
α /ˆDΦ
α
j λ
j − 4igε¯iγaΩ
α
jβΦ
j
αΦ
β
i − 2iη¯γaλ− 8ξKa . (B.10)
(We stick to the group transformation convention in (B.4), so that the sign of g here is
opposite to that of BSVP.) Closure of the algebra requires the following Q-, S-, K-invariant
constraint:
DˆaVa +
1
3
D − 1
2
V aVa + Dˆ
aΦiαDˆaΦ
α
i + 2iλ¯ /ˆDλ−
5
6
λ¯χ− i
6
λ¯ γ ·T−λ
+ 2iλ¯iΦαi /ˆDΦ
α
j λ
j + 2gYij
α
βΦ
i
αΦ
βj + 8gλ¯iΩj
α
βΦ
j
αΦ
β
i = 0 . (B.11)
B.5. Hypermultiplet
The hypermultiplet in 6D is an on-shell multiplet consisting of scalars Aiα and negative
chiral spinors ζα. They carry the index α (= 1, 2, · · · , 2r) of the gauge group G, which
is raised or lowered by using a G-invariant tensor ραβ (and ρ
αβ with ργαργβ = δ
α
β ) like
Aiα = A
iβρβα. The tensor ραβ can generally be brought into the standard form
ραβ =


ǫ
ǫ
. . .

 = ραβ , ǫ =
(
0 1
−1 0
)
. (B.12)
The scalar field Aiα also carries the superconformal SU(2) index i and satisfies the reality
condition
Aiα = ǫ
ijAβj ρβα = −(A
α
i )
∗, Aiα = (A
iα)∗, (B.13)
so that Aiα can be identified with r quaternions ql ≡ q
0
l + iq
1
l + jq
2
l + kq
3
l (l = 1, · · · , r);
indeed, by the above condition, the l-th 2× 2 matrix (Aiα=2l−1, A
i
α=2l) can be written in the
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form q0l 12+ iq
1
l σ1+ iq
2
l σ2+ iq
3
l σ3 with Pauli matrices σ1, σ2 and σ3. Thus the group G acting
on the the hypermultiplet should be a subgroup of GL(r;H):
δG(t)A
α
i = gt
α
βA
β
i , δG(t)A
i
α = g(t
α
β)
∗Aiβ = −gtα
βAiβ,
tα
β ≡ ραγt
γ
δρ
δβ = −(tαβ)
∗. (B.14)
The Q and S transformations of the hypermultiplet are given by
δAiα = 2ε¯
iζα, δζ
α = i /ˆDAαj ε
j + 4Aαj η
j. (B.15)
With these rules, the superconformal algebra (B.6) is not realized on ζα:
[δQ(ε1), δQ(ε2)]ζ
α = [RHS of Eq. (B.6)]ζα − γaΓ
α (ε¯1γ
aε2). (B.16)
Therefore, Γ α = 0 should be an equation of motion for ζα for the algebra to close on-shell.
This fermionic non-closure function Γ α closes under the superconformal transformations
together with its bosonic partner Cαi :
Γ α ≡ −i /ˆDζα − 13A
α
j χ
j + i12γ · T
−ζα − 2gΩi αβA
β
i ,
Cαi ≡ (−Dˆ
aDˆa +
1
6D)A
α
i +
1
6 ζ¯
αχi + 4gΩ¯
α
i βζ
β − 2gY αij βA
βj, (B.17)
δΓ α = −Cαi ε
i + iγµγaΓ α (ε¯γaψµ),
δCαi = −2iε¯i /ˆDΓ
α − 2(ψ¯µiγ
aψµj )(ε¯
jγaΓ
α) + 4η¯iΓ
α. (B.18)
Here, since the algebra does not close on Γ α either, the covariant derivative Dˆµ acting on
Γ α is defined, slightly differently from the usual definition (2.23), to be
DˆµΓ
α = DµΓ
α + Cαi ψ
i
µ −
1
2iγ
νγaΓ α(ψ¯µγaψν), (B.19)
so that DˆµΓ
α becomes covariant.
B.6. Invariant action formulas
The action for the product of a vector multiplet and a linear multiplet,
e−1LVL = Y
ijLij + 2Ω¯ϕ+ 2iψ¯
a
i γaΩjL
ij
− 12Wa(E
a − 2ψ¯bγ
baϕ+ 2iψ¯ibγ
abcψjcLij) , (B.20)
is superconformal invariant if the vector multiplet is abelian and the linear multiplet carries
no gauge group charges or is charged only under the abelian group of this vector multiplet.
The invariant action for the hypermultiplet, which gives as the equations of motion the
required on-shell closure condition Γα = 0 as well as its bosonic partner C
i
α = 0, is given by
e−1L = Aαi dα
βC iβ + 2(ζ¯
α − iψ¯iµγ
µAαi )dα
βΓβ . (B.21)
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Here dα
β is a G-invariant hermitian tensor satisfying
(dα
β)∗ = dβ
α, dαβ = −dβα, (dαβ ≡ dα
γργβ)
tγαdγ
β + dα
γ(tγβ)
∗ = 0. (B.22)
It is shown in Ref. 17) that field redefinitions can simultaneously bring ραβ into the standard
form (B.12) and dα
β into the form
dα
β =
(
1p
−1q
)
. (p, q : even) (B.23)
This property and the condition (B.14) imply that the gauge group G should be a subgroup
of USp(p, q).
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